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Abstract: This paper is devoted to the study of semilinear elliptic boundary value problems
arising in chemical reactor theory which obey the simple Arrhenius rate law and Newto-
nian cooling. We prove that ignition and extinction phenomena occur in the stable steady
temperature profile at some critical values of a dimensionless heat evolution rate.
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, ( ) .
$\mathrm{R}^{N}$ , $\partial D$ , $D$
. ([6],
[5], [3], [12], [10], [4] ).
$(*)_{\lambda}$ $\{$
$Au= \lambda\exp[\frac{u}{1+\epsilon u}]$ in $D$ ,




Au$(x)=- \sum_{=i1}^{N}\frac{\partial}{\partial x_{i}}(=\sum_{j1}^{N}a^{i}j(x)\frac{\partial u}{\partial x_{j}}(X))+c(x)u(x)$ .
(1-i) $a^{ij}(x)=a(jix),$ $1\leq i,$ $j\leq N$ , , $a_{0}>0$
:
$i_{)}j1 \sum_{=}^{N}a(X)ij\xi i\xi_{j}\geq a_{0}|\xi|^{2}$ , $x\in\overline{D},$ $\xi\in \mathrm{R}^{N}$ .
(l-ii) $c(x)>0$ in $D$ .
(2) $\lambda,$ $\epsilon$ .
(3) $a\in C^{\infty}(\partial D)$ $\partial D$ $0\leq a\leq 1$ .
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(4) $\partial/\partial\nu$ $A$ :
$\frac{\partial}{\partial\nu}=\sum_{i,j=1}^{N}$ a$ijn_{j^{\frac{\partial}{\partial x_{i}’}}}$












(Arrhenius’s rate law) ([16], [8] )
, $\epsilon$ (activation energy)




(heat transfer coefficient) , :
$0\leq a(x)\leq 1$ on $\partial D$
, ,
. $a$
$0$ , ( ) , $a$ 1 ,
100




$(*)_{\lambda}$ , ([15, Theorems 1and
2]).
1 $\epsilon,$ $\lambda>0$ $(*)_{\lambda}$ – .
$\epsilon\geq 1/4$ , $\lambda>0$ $(*)_{\lambda}$ – .







l (t) $= \frac{t}{f(t)}=\frac{t}{\exp[t/(1+\in t)]}$ , $t\geq.0$ .
$\iota\ovalbox{\tt\small REJECT}(t)$ $t=t_{1}(\epsilon)$ ,
$t_{1}(_{\Xi})= \frac{1-2\epsilon-\sqrt{1-4\epsilon}}{2\epsilon^{2}}$







$Au=1$ in $D$ ,
$Bu=0$ on $\partial D$
, $\lambda_{1}$ :
(2.2) $\{$
$Au=\lambda u$ in $D$ ,
$Bu=0$ on $\partial D$
– $(\lambda_{1}>0)$ , . 2
[18, Theorem 43] – .















. 3, 4 [18, Theorems 29, 26]
.
3 $0<\epsilon<1/4$ . , $\lambda$
$(*)_{\lambda}$ – :
$0< \lambda<\frac{\lambda_{1}\exp[2-\frac{1}{\epsilon}]}{4\epsilon^{2}}$ .
4 $0<\epsilon<1/4$ . , $\epsilon$ $\Lambda>0$
, $\lambda>\Lambda$ $\lambda$ $(*)_{\lambda}$ – .
2, 3, 4 $\mu_{E},$ $\mu_{I}$ :
$\mu_{E}=\sup$ {$\mu>0:0<\lambda<\mu$ $(*)_{\lambda}$ – },
$\mu_{I}=\inf$ { $\mu>0:\mu<\lambda$ $(*)_{\lambda}$ – }.
, $\lambda=\mu_{I}$ , $\lambda=\mu_{I}$
$\lambda$ .
$\lambda>\mu_{I}$ $\lambda=\mu_{I}$ ( 4). , $\lambda=\mu_{E}$
, $\lambda=\mu_{E}$ $\lambda$
. $0<\lambda<\mu_{E}$ $\lambda=\mu_{E}$
( 5) ([3, Figure 6] ).
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1 1 1$.–<-<--.$$||\phi_{(1})||_{\infty}$ $||\phi_{(a})||_{\infty}$ $||\phi_{(0)}||\infty$











. 3 2 . $(*)_{\lambda}$
,
3 . 4 $\lambda$
– ( 3). (2.2) – $\lambda_{1}$
. 5 , [1, Lemma 78], [18, Theorem 2.6]




2 . . ,
$(*)_{\lambda}$ $C(\overline{D})$
([2], [14], [15] ). $W^{s,p}(D),$ $(s\geq 2,1<p<\infty)$ :
$W_{B}^{s,p}(D)=$ { $u\in W^{s,p}(D)$ : $Bu=0$ on $\partial D$ }
, [17, Theorem 1] :
$K$ : $W^{S-2}’ p(D)arrow W_{B}^{s,p}(D)$
, $g\in W^{s-2,p}(D)$ $Kg$ :
$\{$
$Au=g$ in $D$ ,
$Bu=0$ on $\partial D$
– . $s=2$ , $P$ $p>N$ ,
, $K$ $C(\overline{D})$
. $(*)_{\lambda}$ $C^{2}(\overline{D})$ ,
$K$ :
(3.1) $u=\lambda Kf(u)$ in $C(\overline{D})$
. , $s=3$ $K$
.
, $C(\overline{D})$ (ordered Banach space) (
[2], [11] ). , $C(\overline{D})$
, (positive cone)
$P=$ { $u\in C(\overline{D})$ : $u(x)\geq 0$ in $\overline{D}$ }
, $\preceq$
$u\preceq v\Leftrightarrow v-u\in P$ ,
, $C(\overline{D})$ .
$K$ $C(\overline{D})$ (strict positivity) ([14, Lemma 2.1]).
, $g\in P\backslash \{0\}$ $Kg$ $D$ . ,
(3.1) $\lambda Kf(\cdot)$ $C(\overline{D})$
, $P$ .




3.1 $X$ $Q$ $\preceq$
. $\eta$ : $Qarrow[0, \infty)$ , $G:Qarrow Q$ ,
$\tau>0$ :
(3.2) $||G(w)||<\mathcal{T}$ $(w\in Q_{\Gamma},, ||w||=\tau)$
,
$Q_{\tau}=\{u\in Q : ||u||\leq\tau\}$ .
, 4 $0<\delta<\tau,$ $\sigma>0$ :
(3.3) $W=\{w\in Q_{\tau}\circ$ : $\eta(w)>\sigma\}\neq\emptyset$ ,
, $A\circ$ $A$ .
(3.4) $||G(w)||<\delta$ $(w\in Q_{\delta}, ||w||=\delta)$ .
(3.5) $\eta(w)<\sigma$ $(w\in Q_{\delta})$ .
(3.6) $\eta(G(w))>\sigma$ $(w\in Q_{\mathcal{T}}, \eta(w)=\sigma)$ .
, $G$ 3 .
3.1 2 . $B$ , $D$
$\Omega$ $\Omega\subset\subset D$ . $C_{\Omega},$ $\beta$ :
(3.7) $\beta=\sup C_{\Omega}$ , $C_{\Omega}= \inf(K\chi_{\Omega})(x)$ .
$\Omega\in \mathcal{B}$
$x\in\Omega$









$Q=P=$ { $u\in C(\overline{D})$ : $u(x)\geq 0$ on $\overline{D}$ },
$G(\cdot)=\lambda Kf(\cdot)$ ,
$\frac{\nu(t_{2}(\epsilon))}{\beta}<\lambda.<\frac{\nu(t_{1}(\epsilon))}{||\phi||_{\infty}}$ ,




(a) $P$ $t>0$ $P(t)$ :
$P(t)=\{u\in P : ||u||_{\infty}\leq t\}$ .
$f(t)$ , $u\in P(\overline{t_{1}}(\Xi))$ $||u||_{\infty}=\overline{t_{1}}(\epsilon)$





(3.2) . $u\in P(t_{1}(\epsilon))$ $||u||_{\infty}=t_{1}(\epsilon)$
$||\lambda Kf(u)||_{\infty}<t_{1}(\epsilon)$
$((3.4))$ .
(b) $\eta(u)$ $\Omega\in B$
$\eta(u)=\inf u(x)$
$x\in\Omega$




$W=\{u\in P\circ(\overline{t_{1}}(_{\mathcal{E}}))$ : $\eta(u)>t_{2}(\epsilon)\}$
$W\supset$ { $u\in P:\overline{t_{1}}(\epsilon)/2\leq u<\overline{t_{1}}(\epsilon)$ on $\overline{D}$ , $\eta(u)>t_{2}(\epsilon)$ }
$W\neq\emptyset$ . (3.3) .
(d) $\beta$
$\lambda>\frac{\nu(t_{2}(_{\mathcal{E}}))}{C_{\Omega}}$
$\Omega\in B$ ((3.7) ).
















3 . – $\lambda_{1}$
.
$u_{1},$ $u_{2}$ $(*)_{\lambda}$ ,




, $L^{2}(D)$ $A$ :
(a) $D(A)=\{u\in W^{2,2}(D) : Bu=0\}$ .
(b) $Au=Au$, $u\in D(A)$ .
$A$ $L^{2}(D)$ , , ( )
([13, Theorems 73and 74], [17, Theorem 2]). – $\lambda_{1}$
:













4 , Wiebers [18, Theorem 26]
.
5.1
, 4 , $(*)_{\lambda}$
.
, $K$ $C(\overline{D})$
, (strong positivity) . $\phi(x)=(K\dot{1})(x)$
$\overline{D}$ $C^{2}$ ([14, Lemma 2.1]):
$\phi(x)\{$
$>0$ , $x\in D$ $x\in\{x\in\partial D:a(x)>0\}$ ,
$=0$ , $x\in\{x\in\partial D:a(x)=0\},\cdot$
$\frac{\partial\phi}{\partial\nu}(x)<0$ , $x\in\{x\in\partial D : a(x)=0\}$ .
$\phi(x)$ $C(\overline{D})$ $C_{\phi}(\overline{D})$ :
$C_{\phi}(\overline{D})=\{u\in C(\overline{D})4\exists c>0\mathrm{s}.\mathrm{t}. -c\phi\preceq u\preceq c\phi\}\mathrm{r}$
$C_{\phi}(\overline{D})$ :
$||u||_{\phi}= \inf\{c>0 : -c\phi\preceq u\preceq c\phi\}$
109
.$P_{\phi}=C_{\emptyset(\overline{D})\cap}P=\{u\in C\phi(\overline{D}) : u\succeq \mathrm{o}\}$
$C_{\phi}(\overline{D})$ , $C_{\phi}(\overline{D})$ $C(\overline{D})$ $\preceq$
. $u,$ $v\in C_{\phi}(\overline{D})$ , $u<<v\text{ }v-u\in P_{\phi}^{\mathrm{O}}$ ,
$K$ $C_{\phi}(\overline{D})$
, $g\in P_{\phi}\backslash \{0\}$ $Kg>>0$ ([14, Proposition 2.2]).
$(*)_{\lambda}$ :
$u=\lambda K(f(u))$ in $C_{\phi}(\overline{D})$ .
$\gamma$
(5.1) $\gamma=\min\{\frac{f(t_{1}(\in))}{t_{1(_{\Xi)}}}$ : $0< \epsilon<\frac{1}{4}\}$
. ,
$t_{1}(\in)arrow 1$ , $\epsilon\downarrow 0$
$\gamma$ .
– $\lambda_{1}$ $\varphi_{1}(x)$
$\varphi_{1}(x)>0$ in $D,$ . $||\varphi_{1}||_{\infty}=1$
, $\epsilon$ , $\lambda$
$(*)_{\lambda}$ .
.





$c$ $0<c<1$ . $\lambda c\epsilon^{-2}\varphi 1$
$A( \lambda_{C\in}-2)\varphi_{1}-\lambda f(\lambda_{C}\mathcal{E}-2\varphi_{1})=\lambda_{C\mathcal{E}^{-2}}\varphi 1(\lambda_{1}-\lambda\frac{f(\lambda c\epsilon^{-2}\varphi 1)}{\lambda c\in^{-2}\varphi_{1}})$ in $D$ .
$f(t)/t$ $t=t_{1}(\mathcal{E})$ –




















$\lambda>\lambda_{1}/\gamma$ , $0<\epsilon\leq\epsilon 0$
$A(\lambda c\epsilon-2\varphi_{1})-\lambda f(\lambda c\epsilon^{-2}\varphi 1)<0$ in $D$ ,
. , $K$




51 $\tilde{u}\gg \mathrm{O}$ $s_{0}>0$




$f(t)$ $f(\mathrm{O})=1$ $\mathrm{O}\ll\lambda K(f(\mathrm{O}))$ ,
5.1 $\tilde{u}=\lambda_{\Xi^{-2}}\varphi 1,$ $s_{0}=1,$ $s=c$ 5.1 .
5.2 4
F(
$F(t)=f(t)-f’(t)t= \frac{\epsilon^{2}t^{2}+(2\epsilon-1)t+1}{(1+\epsilon t)^{2}}\exp[\frac{t}{1+\epsilon t}]$ , $t\geq 0$
.
5.2 $0<\epsilon<1/4$ , $F(t)$ ( 6):
(1)
$F(t)\{$
$>0$ $(0\leq t<t_{1}(\in), t>t_{2}(\epsilon))$ ,
$=0$ $(t=t_{1}(\mathcal{E}), t=t_{2}(\in))$ ,
$<0$ $(t_{1}(\epsilon)<t<t_{2}(\in))$ .




$\epsilon>1/4$ $F(t)$ , $t>0$ .
[15, Theorem 2] , 1 – ,
(5.2) $(*)_{\lambda}$ $u$ $D$ $\lambda F(u.)>0$ ,
. , $\epsilon>1/4$ $\lambda>0$ – .




, $(*)_{\lambda}$ – .
[18, Lammas 13, 22] .
, 5.1 , (5.3)
3 . , .
5.8 $0<\epsilon<1/4$ . , $\alpha>0$ ,. $u\succeq\alpha\epsilon^{-2}\varphi_{1}$
$u$ (5.3) .
[1, Lemma 78] .
$\frac{1-2\in}{2\epsilon^{2}}<t_{2}(\epsilon)=\frac{1-2\epsilon+\sqrt{1-4\epsilon}}{2\epsilon^{2}}<2\epsilon^{-2}$
, 5.2
(5.4) $F(t)\geq F.(2_{\hat{\mathrm{c}}}-2)>0$ , $t\geq 2\epsilon^{-2}$ .
$u$ , 2 $z_{-}(u)(x),$ $z_{+}(u)(X)$
$z_{-}(u)(x)=\{$
$-F(u(x))$ , $x\in\{x : u(x)\geq 2\mathcal{E}^{-2}\}$ ,
$0$ , $x\in\{x : u(x)<2\epsilon^{-2}\}$ ,
$z_{+}(u)(X)=F(u(x))+z_{-}(u)(x)$
. 2 $M,$ $L$
$M=\{x\in\overline{D}$ : $\varphi_{1}(_{X)}>\frac{1}{2}\}$ ,
$L=\{x\in\overline{D} : u(x)\geq 2\epsilon^{-2}\}$










, 52 $t=(1-2\mathit{6})/2_{\Xi}2$ $F(t)$
$\min\{F(t) : 0\leq t\leq 2\epsilon^{-2}\}=F(\frac{1-2\epsilon}{2\epsilon^{2}})<0$.
$z_{+}(u)(x)=$ $x\not\in Lx\in L$
$z_{+}(u) \geq F(\frac{1-2\epsilon}{2\epsilon^{2}})$
. $\alpha$ 4 , $\ovalbox{\tt\small REJECT}_{\text{ }^{}\mathrm{A}}M_{\alpha}\text{ }$














$\chi_{M_{\alpha}}arrow 0$ in $L^{p}(D)$ , $\alphaarrow\infty$
, $K$
$K:L^{p}(D)arrow W^{2,p}(D)arrow C^{1}(\overline{D})$ , $p>N$
( 3 ),
$K(\chi_{M_{\alpha}})arrow 0$ in $C^{1}(\overline{D})$
. [14, Proposition 22] $C^{1}(\overline{D})arrow C_{\phi}(\overline{D})$ ,
$K(\chi_{M_{\alpha}})arrow \mathrm{O}$ in $C_{\phi}(\overline{D})$
. , $C_{\phi}(\overline{D})$ $k$
(5.5) $K( \chi_{M_{\alpha}})\preceq\frac{c}{k}\varphi_{1}$
$\alpha>4$ .
$\alpha$ , $u$ $u\succeq\alpha\epsilon^{-2}\varphi_{1}$
$K(F(u))$ $=$ $K(z_{+}(u)-z_{-}(u))$
$\geq$ $F( \frac{1-2\epsilon}{2\epsilon^{2}})\frac{c}{k}\varphi_{1}+F(2_{\Xi^{-}}2)C\varphi_{1}$
$=$ $F(- 2_{\mathcal{E}}-2)C \varphi_{1}(1+\frac{F(\frac{1-2\epsilon}{2\epsilon^{2}})}{F(2\epsilon^{-2})}\frac{1}{k})$




, (5.5) $\alpha$ .
5.1, 52, 53 ,
$0<\in\leq \mathcal{E}_{0}$ , $\lambda>\Lambda_{1}=\max\{\lambda_{1}/\gamma, \alpha\}$
$(*)_{\lambda}$ – .
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$\epsilon$ $\epsilon_{0}<\epsilon<1/4$ , $u$ $(*)_{\lambda}$











[1] H. Amann, Multiple positive fixed points of asymptotically linear maps, J. Functional
Analysis, 17 (1974), 174-213.
[2] H. Amann, Fixed point equations and nonlinea$r$ eigenvalue problems in ordered Banach
spaces, SIAM Rev., 18 (1976), 620-709.
[3] T. Boddington, P. Gray and G. C. Wake, $C_{\dot{\mathcal{H}}}te7\dot{\mathrm{B}}a$ for thermal explosions with and
without reactant consumption, Proc. R. Soc. London A., 357 (1977), 403-422.
[4] K. J. Brown, M. M. A. Ibrahim and R. Shivaji, $S$-shaped bifurcation curves problems,
Nonlinear Analysis, TMA, 5 (1981), 475-486.
[5] D. S. Cohen, Multiple stable solutions of nonlinear boundary value problems arising in
chemical reactor theory, SIAM J. Appl. Math., 20 (1971), 1-13.
[6] D. S. Cohen and T. W. Laetsch, Nonlinear boundary value problems suggested by chem-
ical reactor theory, J. Differential Equations, 7 (1970), 217-226.
[7] , , One Point 12, (1985).
[8] , , CREATIVE CHEMICAL ENGINEERING COURSE 3,
(1995).
[9] R. W. Legget and L. R. Williams, Multiple positive fixed points of nonlinear operators
on ordered Banach spaces, Indiana Univ. Math. J., 28 (1979), 673-688.
[10] R. W. Legget and L. R. Williams, Multiple fixed point theorems for problems in chemical
reactor theory, J. Math. Anal. Appl., 69 (1979), 180-193.
116
[11] –, , 1, (1997).
[12] S. V. Parter, Solutions of a differential equation in chemical reactor processes, SIAM
J. Appl. Math., 26 (1974), 687-715.
[13] K. Taira, Bifurcation for nonlinear elliptic boundary value problems $I$, Collect. Math.,
47 (1996), 207-229.
[14] K. Taira and K. Umezu, Bifurcation for nonlinear elliptic boundary value problems II,
Tokyo J. Math., 19 (1996), 387-396.
[15] K. Taira and K. Umezu, Positive solutions of sublinear elliptic boundary value problems,
Nonlinear Analysis, TMA, 28 (1997), 761-771.
[16] , \searrow BLUE BACKS, (1993).
[17] K. Umezu, $L^{p}$ -approach to mixed boundary value problems for second-order elliptic
$operato\gamma s$ , Tokyo J. Math., 17 (1994), 101-123.
[18] H. Wiebers, $S$-shaped bifurcation curves of nonlinear elliptic boundary value problems,
Math. Ann., 270 (1985), 555-570.
$E$-mad address : ken@maebashi-it.ac jp
117
